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Correlation Funktions of a System 
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We consider a plasma consisting of particle components with different temperatures. The com-
ponents are uniformly distributed in the configuration space and MAXwELiian in the velocity space. 
Pair correlations are assumed to be small and higher order correlations negligible. It is shown 
from the BBGKY-hierarchy that the influence of the electrons on the ion kinetics can be taken 
into account by treating the ions as dressed particles. The hierarchy for these dressed particles 
provides the ion-ion correlation function. The electron-ion pair correlation is calculated from the 
POISSON equation using the ion-ion correlation and relating the electron-ion pair distribution to the 
average potential. By the same procedure we derive the electron-electron correlation making use 
of the electron-ion correlation. The results are compared with those of other authors. 

The knowledge of the reduced distribution func-
tions provides complete information about the sta-
tistical behavior of a plasma. The evaluation of these 
functions is therefore one of the basic problems in 
plasma physics. The usual way to tackle this rather 
complicated problem is the solution of the BBGKY 
hierarchy derived from the L I O U V I L L E equation. Since 
this hierarchy contains as many coupled partial 
differential equations as there are particles in the 
system, an exact solution is practically impossible. 
Therefore most investigations, even in the equili-
brium case, truncate the hierarchy by neglecting 
higher than second order correlations. 

We study here the special case of a stationary 
system in which each particle component is in equi-
librium at a different temperature. The assumption 
of quasi-equilibrium for the single component is a 
good approximation since the energy exchange be-
tween the components is much smaller than the 
exchange within each component. Different tempera-
tures for the electrons and ions are observed in 
many experiments. 

Our derivation of the correlation functions was 
developed in connection with the problem of the 
lowering of the ionization energy for a plasma with 
different temperatures of the particle components 2 . 
In investigations of the effective field in a plasma 
and the scattering of radiation by density fluctua-

t On leave of absence from the Institut für Theoretische Phy-
sik der Ruhr-Universität Bochum. 

1 G. ECKER and W. K R Ö L L , Bull. Amer. Phys. Soc. 7, 642 
[1962]. 

2 G. ECKER and W. K R Ö L L , Proc. 6th Int. Conf. on Ionization 
Phenomena in Gases, Paris 1963. 

tions, other authors too studied the correlation func-
tions 3 _ 6 . B U N E M A N 4 in his treatment of the scattered 
radiation from density fluctuations implies the 
problem of the pair correlation. The correlations 
calculated by B E N A U 5 using a more physically 
intuitive approach and by K A D O M T S E V 3 applying 
kinetic methods, do not agree with those of SAL-
P E T E R 6 . S A L P E T E R gives a derivation employing the 
collision free BoLTZMANN-equation and therewith an 
approximation which is equivalent to D E B Y E ' S fiTst 
treatment of the equilibrium case. 

The following investigation derives rigorously 
the distribution functions from the BBGKY hierarchy 
within the frame of the pair approximation which 
neglects third and higher order correlations. 

Concept 

Subject of this investigation is a classical quasi-
neutral system consisting of electrons and ions 6 a . 
Nk gives the total number of individuals of the 
kind k. Te designates the electron temperature, 
Ti the temperature of the ions and neutrals. The 
plasma is uniformly distributed within a large 
volume V. 

Following the general use we assume that third 
and higher order correlations are negligible. 

3 B. B. KADOMTSEV, Soviet Phys.-JETP 6, 117 [1958]. 
4 O. BUNEMAN, J. Geophys. Res. 67, 2050 [1962]. 
5 J. R E N A U , H . CAMNITZ and W. FLOOD, Cornell Aero. Lab. 

Rept. 121, March 1962. 
6 E. E. SALPETER, J. Geophys. Res. 68, 1321 [1963]. 
6a Neutrals may be present but do not affect our calculation. 
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Starting from the BBGKY hierarchy it is shown 
that the total interaction of one ion averaged over 
all electron microstates can be represented as the 
sum over effective pair interactions with the other 
ions. This means that the influence of the electrons 
on the ion kinetics can be taken into account by the 
use of "dressed ions". 

We calculate the ion-ion correlation from the 
hierarchy for these dressed ions. 

The electron-ion correlation can be expressed by 
the average potential in the environment of an ion. 
With this relation and the ion-ion correlation the 
average potential in the environment of an ion 
follows from POISSON'S equation. 

The electron-electron correlation is calculated by 
the same method using the average potential in the 
environment of an electron and the electron-ion 
correlation. 

"Dressed Ions" 

If P2n with 2 N — A^ is the specific distribu-
t-

i o n function of the order 2 N, the corresponding 
reduced distribution function of the order s is 
defined by 
?S=VSJ?2Ndxs + l . . .dx2N; dX; = d i y d r , ' . (1) 

In a multicomponent system Vs of course depends on 
the composition of the described s-configuration. 
However to simplify the notation we refrain from 
indicating this dependence. The general distribution 
function is given by 

w = v s n ( - N k i 

k (Nk-vk)! (2) 

The index k denotes the different particle com-
ponents. vk is the number of particles of the com-
ponent k in the considered s-configuration. 

From the LIOUVILLE equation one obtains for Vs the hierarchy 

d "D d 
. P.s- <Pij dvi art ! d x s + 1 = 0 (3) V N k — v k V 1 

i= 1 ' i,j= 1 ' "« k V ft\mi 

where (p-,j is the COULOMB pair energy. The indices i, j denote particles of the ^-configuration. APs + i describes 
a configuration which contains one particle of the component k in addition to the particles of the original 
^-configuration, m is the particle mass. We now treat the ^-configuration including all i o n s ' . 

Since we have MAXwELLian distributions Ft in the velocity space the distribution functions Ps repre-

sent themselves as 

?s=psnFi (4) 

where P.S. are the specified distribution functions in the configuration space. If ( ^ P J ) ^ ' designates the 
average potential energy of the particle ( i ) in the/V-configuration of all ions 

( h ) w = 11'' <Pi»?2N d rv + 1 . . . d r2Njj Po.v d rN + 1 . . . d r2N 
i = i 

we have the relation 

1 /rh\(N) V ' 3 , 1 fP{N+1) d ^ , , 1 
v j PiNTd;t<P*.»+idr»+i+ v 

d (p(n+i)\ 
V J ^ ^ d r X PW )dr-V + 1 

(5) 

(6) 

We now show that the last term on the right hand side of eq. (6) disappears within the frame of our in-
vestigation. 

Neglecting all higher order correlations we have for the specific distribution function8 . The last term 
of this equality uses the fact that P . = 1 in our 
system. The function gjj is the pair correlation func-

_ ^ y P * ( r Tj) (7) tion. The symbol (i j) means all combinations of the 
(ij) configuration particles. After simple transformations 

(O) 

7 For the sake of simplicity we consider from now on only one kind of ions (Ni = Ne = N). The generalization to many 
ion components is straight forward. 

8 The star distinguishes the pair distribution in a system with a specified configuration of all ions from the usual one (P2 ) 
without any specification except for the two particles under consideration. 
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we obtain for the general distribution functions the 
relation 

^ - N - r j P U r M . ( 8 ) 

Therefore the last term on the right hand side of eq. 
(6) reads 
1 Cd (P(N+i)\ 

/
g 

<Pi, N + gi, lv+1 dl*iv +1. (9) 

Since in our system the functions g* and <pa depend 
only on the distance | rt — Tj we have 

d PW+1) 
<Pi,N+1 w , d r v + 1 = 0 (10) 

for symmetry reasons. 
Inserting eqs. (8) and (10) into (6) we find 

+ « / IJPt(rhrN+1) ~<Pi,N+idrN+1 (11) 

For the electron-ion pair distribution function 
P2(T[, Te) the hierarchy provides 

+ fkP3Ve, s d r 3 - 0 
fc 1 e k J 

where the index (e) designates the electron. 

(12) 

Equ. (12) down to equ. (18) hold identically 
for the functions P*, (0)* except that the sums do 
not include the ion component. (0)'* denotes the 
average potential pair energy in the TV-configuration. 

Under the conditions 

vJ(kTi)<vJ(kT9); Vi<ve (13) 

equation (12) reduces to 

(14) 

For the potential energy of the electron — ion pair 
we obtain 

d 
dre 

(15) 

Comparison of eqs. (14) and (15 leads to the rela-
tion 

k TeInP2 = ~ w <*e>® (16) dre dre 

and since P2 depends only on the distance of the two 
particles 

P2 = A-exp j - ^ L - ^ e ) ® j . (17) 

The proportionality constant A follows from nor-
malization to be 

A = V2 / J exp j - - J - ( 0 e ) ' ® j d f ; d r e . (18) 

Introducing eq. (17) into eq. (11) leads to 

Z'-H-vu + An f exp j - J L 2 {0{rh rN+1) 1 f <pUN+1 d r * 
j dn J I k Te j ] dn 

+ i 

•(2) 

We represent the potential energy ( 0 [ ) W by the Ansatz 
(0,)^)=-. I' 

j 
and linearize eq. (19) to obtain 

I ' / = Z'-f <Pu + An f ( l - ^-Z0},N+1)£<Pi,N + 1dr j dri j dri J \ k T e j J dn 

The linearization is consistent within the frame of our assumption ga < 1. 

N +1 

Applying symmetry considerations and the nor- eq. (21) takes the form 
malization V d 

I 
- ,r <hi= I V i i j on > 

exp _ _ L _ ( 0 ) (2) dr, dr 2 = V2 (22) 
k Te I 

n s 
k T, 

(19) 

(20) 

(21) 

( 2 3 ) 
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Since f f I \ N + i ddr. 9 W + i d r j V + 1 = 0 (24) 

holds we finally arrive with the use of the relation 

t p i j i r - r ' ) = - A? + I ( I * - r ' ) (25) 

A & ( r ) = l<p(r)- " f *{r') | ? ( | r - r ' | ) dr' 
dr dr k Te J or (26) 

Since this equation is identical with the equation 
for derived from (15) using (8) and (17) 
the Ansatz (20) is justified. 

The well known solution of the equation (26) which 
is finite for large distances reads 

<Z>(r) = e2 /r • exp ( ~ y . e r ) (27) 

with the screening constant 
x 2 = 4>J ine 2 / (kT e ) . (28) 

Therewith we have shown that the average po-
tential energy of a configuration of all ions can be 
represented as a sum over effective ion-pair energies. 
That means the influence of the averaging process 
over all electron configurations on the ion interaction 
can be taken into account by the use of dressed ions. 

The ion-ion correlation 

The ion-ion correlation is now calculated from the 
BBGKY hierarchy for the dressed ions. This hier-
archy is obtained from eq. (3) substituting the 
C O U L O M B potential by the effective potential ( 2 7 ) and 
omitting in the last term the summation over the 
electron component. Neglecting consistently the 
higher order correlations we find for the pair corre-
lation function the equation 

* g(r) = * 0(r) }T dr dr k T\ 

- A f g(r') I S f l r - f ' D d r ' (29) 4.T:ez J dr 

with Jij2 = 4 Tin e 2 / ( k T\) . (30) 

F O U R I E R transformation of this equation produces 

P 2 ( i , i ) = l - £ _ e x p ( - * r ) (31) 

rC 1 \ r 

with the screening constant 

* 2 = *i2 + * e 2 . (32) 

The electron-ion correlation 

To calculate the electron-ion pair distribution we 
apply the P O I S S O N equation to the environment of an 
ion using the procedure outlined in the concept. This 
requires the knowledge of the electron and ion den-
sity in the neighbourhood of an ion. The ion density 
is given by the ion pair distribution according to 
eq. (31 ) . For the electron density eq. (17) provides 
after linearization 

/ > 2 ( e , i ) = l - < f f l = l + « * > « . ( 33 ) 
k l e k i e 

Therefore the differential equation for the average 
potential IP; (r) in the environment of an ion reads 

- 4 j i e n ( l - . ^ . I e x p { - * r } ) . (34) 

The solution of this equation taking into account the 
boundary conditions is 

Wi (r)= ^ • exp{ — x r} . (35) 

The electron-ion pair distribution reads consequently 

P 2 ( e , i ) = l + < I exp(-xr). (36) 
ft Je ' 

The electron-electron correlation 

The procedure to calculate the electron correlation 
is analog to the method used in the preceding chap-
ter. We write down the P O I S S O N equation in the 
neighbourhood of an electron. The ion density is 
given by the electron-ion pair distribution found in 
eq. (36 ) . For the electron pair distribution we find 
from the BBGKY hierarchy in the same manner as 
described for P 2 ( e , i) the relation 

P 2 ( e , e) = 1 + e ! P e ( r ) / ( k Te) . (37) 

The average potential in the environment of an elec-
tron is therefore governed by the differential equa-
tion 

AWG(r)=^nen(\+ e 

^ ^ e x p { - x r } ) . (38) 

The solution of the equation accounting for the 
boundary conditions is 

Ve(r) = - ^ e r e x p ( - x r ) 
Je • 

- ( l - -£•)• exp ( - * e r ) (39) 
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which determines the pair distribution function 

Ti 
k T,2 

1 
k Te 

P2(e, e) = 1 — 

1 -

exp ( — x r) 

exp ( - * e r ) . (40) 

Discussion 

We compare our results with those of S A L P E T E R 

and K A D O M T S E V . With respect to the work of B U N E -

M A N and B E N A U we refer to the discussion S A L P T E R ' S 

paper. 
The results of K A D O M T S E V do not agree with those 

derived here. He gives the electron-electron corre-
lation 

exp ( — y.r) (41) 
k Te r 

in contrast to our correlation function (40 ) . K A D O M T -

S E V ' S kinetic treatment is in principle correct. The 
deviation of his results is due to an error in the 
evaluation of the following system of equations 

Sei(r) - (gii(r') - g e i ( / ) } d r ' = 

gee(r) ~ I f ^ f |r_|r/ : {gei(r') - gee (r) } dr' = -

«11 (r) - f J r , {gei (r) - gii ( r ) } dr' = -

The correlation (41) does not satisfy this system, 
whereas (40) is a solution. This can be shown 
simply by insertion. 

The results derived by S A L P E T E R using a proce-
dure similar to D E B Y E ' S original approach agree with 

e2 

kTer' 

, ; 2 , ( 4 2 ) 
k / i r 

e2 

k fir ' 

those justified here by a general kinetic treatment. 
In addition we realize that application of these re-
sults must be restricted to the temperature range 

mj/me Te/Ti mc/rrii (43) 
due to eq. ( 1 3 ) . 

Besetzungsdichten angeregter He 1-Atome 
in einem nidit-thermischen Plasma 

V o n H A N S - W E R N E R D R A W I N 

Groupe de Recherches de l'Association EURATOM-CEA sur la FUSION, Fontenay-aux-Roses 
(Seine), Frankreich 

(Z. Naturfors<iig. 19 a. 1451—1460 [1964] ; eingegangen am 25. Juni 1964) 

For nonthermal plasmas, the population densities of the ground level and the lower lying excited 
states can deviate considerably from a SAHA- and BOLTZMANN population density which are only valid 
for plasmas in (local) thermal equilibrium. To obtain the actual population densities of the lower 
lying states of the He I-Atom in a nonthermal, optically thin as well as in a partially optically thick 
plasma the corresponding rate equations have been solved. Due to the metastable state 23S we have 
distinguished between the singulet and the triplet system. The coupling between the two systems has 
been accomplished by appropriate collisional processes. Numerical values are given for the popula-
tion densities in terms of ,,SAHA"-population densities for both the lower singlet- and triplet levels 
in the case of an optically thin plasma. The relaxation times necessary for establishing a steady-
state have been calculated. The influence of the triplet-system on the particle densities of the singlet-
system is shown. For low electron densities the ratio m (triplet) /n; (singlet) becomes larger than 3. 
By solving the complete system of rate equations and comparing the solutions with measured densi-
ties one can derive unknown total cross sections for reactions between excited states. 

Im Falle (lokalen) thermodynamischen Gleich-
gewichtes (L.T.E.) ist die Besetzungsdichte der an-
geregten Niveaus eines Atoms oder Ions entspre-
chend einer BOLTZMANN-Verteilung gegeben. Die 
BOLTZMANN-Verteilung ist jedoch nicht mehr sicher-

gestellt bei Plasmen geringer Teilchendichten und 
kleinen geometrischen Abmessungen der zu unter-
suchenden Plasmaschichten, da die Anzahl der Stoß-
prozesse abnimmt und Absorption von Besonanz-
strahlung klein wird. Der Grenzfall eines stationären 


